Problems in Black Hole Entropy interpretation by Liberati, S.
ar
X
iv
:g
r-q
c/
96
01
03
2v
1 
 2
2 
Ja
n 
19
96
Jan. 96
Problems in Black Hole Entropy interpretation
⋆
Stefano LIBERATI
†
Scuola Internazionale Superiore di Studi Avanzati,
Via Beirut 2-4, 34013 Trieste, Italy
and I.N.F.N., Sezione di Roma
SISSA Ref. 14/96/A
⋆ Talk presented at the “Fourth Italian-Korean meeting on Relativistic Astrophysics”, Rome
- Gran Sasso - Pescara, July 9-15, 1995
† E-mail: Liberati@neumann.sissa.it
ABSTRACT
In this work some proposals for black hole entropy interpretation are exposed
and investigated. In particular I will firstly consider the so called “entanglement
entropy” interpretation, in the framework of the brick wall model [1], and the di-
vergence problem arising in the one loop calculations of various thermodynamical
quantities, like entropy, internal energy and heat capacity. It is shown that the as-
sumption of equality of entanglement entropy and Bekenstein-Hawking one appears
to give inconsistent results. These will be a starting point for a different interpre-
tation of black hole entropy based on peculiar topological structures of manifolds
with “intrinsic” thermodynamical features. It is possible to show an exact relation
between black hole gravitational entropy (tree level contribution in path integral
approach) and topology of these Euclidean space-times. The expression for the
Euler characteristic, through the Gauss-Bonnet integral, and the one for entropy
for gravitational instantons are proposed in a form which makes the relation be-
tween these self evident. Using this relations I shall propose a generalization of
Bekenstein-Hawking entropy in which the former and Euler characteristic are re-
lated in the equation: S = χA/8. The results, quoted above, are more largely
exposed in previous works [2,3]. Finally I’ll try to expose some conclusions and
hypotheses about possible further development of this research.
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1. Introduction: Black Holes Thermodynamics
At the beginning of the seventies the research on black hole physics achieved a
series of theoretical results that brought to an elegant and impressive formulation
of some General Relativity laws as thermodynamical ones (Bardeen, Bekenstein,
Carter, Christodoulou, Hawking, Ruffini[4, 5, 6]). It was found that for each
classical thermodynamical law it is possible to formulate a correspondent one for
black holes. These results are resumed in the frame below
0th Law: The surface gravity κ is constant on the event horizon of a stationary
black hole
1st Law: The mass of a black hole is bounded to its area A, surface gravity κ and
angular momentum J by the relation (Ω = angular velocity of the black hole)
M =
κ
2π
A+ ΩJ
2nd Law: The area of black hole event horizon can never decrease for processes
satisfying the weak energy condition
#1
#1 Consider a space-time with curvature tensor Rab and matter described by a stress-energy
tensor Tab. If ξ
a is a null or timelike vector then from Einstein equations one has
Rabξ
aξb = 8π
[
Tab −
1
2
Tgab
]
ξaξb = 8π
[
Tabξ
aξb −
1
2
T
]
It is possible to see Tabξ
aξb as the energy density measured by an observer with 4-velocity
ξa along the geodesic. It is commonly accepted that for classical matter this energy density
has not to be negative definite that is Tabξ
aξb ≥ 0 for all the ξa timelike. This is called
the weak energy condition. It may also be requested that the stress energy tensor of matter
cannot be so big and negative to render the 1st member of the preceding relation negative.
One can then impose the strong energy condition
Tabξ
aξb ≥ −
1
2
T
for all the vectors ξa timelike.
3
δA ≥ 0
3rd Law: It is not possible to render the surface gravity of a black hole null
through physical transformations.
Although these laws soon appeared as a strong hint towards a thermodynami-
cal behaviour of black hole, the picture became fully consistent only when Hawking
found his famous results about black hole radiation by an application of quantum
field theory in curved space. It is in fact impossible to define a temperature for
classical black holes, thus it is not even reasonable to talk about entropy in this
case. Hawking suggested that, due to the polarization of the vacuum in prox-
imity of the black hole horizon, there is a flux of radiation flowing out towards
infinity. He demonstrated this by an ingenious derivation based on Bogoliubov
coefficients technique [7]. By the first law and the Hawking temperature one finds
the Bekenstein-Hawking entropy of black hole to be one quarter of its area [7].
Thermodynamical aspects of black holes appear more evident in Euclidean
path-integral approach[8]. Considering the generating functional of the Euclidean
theory with the action equal to the Einstein-Hilbert one plus the matter contri-
bution, in a semiclassical approach the tree level contribution is due only to grav-
itational part. Instantons are non singular solutions of the classical equations in
4-dimensional Euclidean space. For a wide class of black holespace-times, metrics
that extremize the Euclidean action are gravitational instantons if one removes
the conical singularity at the horizon. This forces to fix a period for the imaginary
time. It is well known that Euclidean quantum field theory with periodic imaginary
time is equivalent to a finite temperature quantum field theory in pseudoeuclidean
(−,+,+,+) space-time, the temperature being the inverse of imaginary time pe-
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riod. Thermodynamics appears in this way as a request of consistence of quantum
field theory on black hole space-times, or better, on space-times with Killing hori-
zon.
1.1. Interpretation problems for black hole entropy.
As it often happens in the history of science, the discovery of such a complex
structure opened a whole set of new questions to which complete answers still lack.
Some questions are in order:
1 Which dynamical degrees of freedom could be associated with BH entropy?
2 Is there any information loss in black hole dynamics ?
3 How does General Relativity know about black hole thermodynamics ?
I will now expose more extensively these points which appear as the main
problematics opened by the research in quantum aspects of black hole.
1 The problem of a dynamical origin for black hole entropy is the effort to achieve
a statistical mechanics explanation of it. This means to give an interpretation of
horizon thermodynamics in a “familiar” way, in the sense that it could be seen as
related to dynamical degrees of freedom associated with black hole nature.
2 The information loss is related to the fact that black hole evaporation by mean
of emission of a thermal particle spectrum, appears to produce a destruction of
quantum information by converting pure state in mixed ones. That is hardly
acceptable by the great part of physicists because it would imply a non-unitary
evolution of quantum states in presence of strong gravitational fields.
3 The last point is, I believe, the most important one. It in fact appears as the
main question one has to answer in order to understand the real nature of horizon
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thermodynamics. As we have just seen, the four laws of black hole thermodynamics
have been formulated some years before Hawking’s discovery of quantum radiation.
Most of these appear in fact as General Relativity theorems of black hole dynamics
and so are already “encoded” at a classical level. But in spite of this, the consistence
of this frame is achieved only at the quantum stage by the introduction of Hawking
radiation. How can geometry know about quantum matter behaviour is still an
unsolved question. We shall see how the attempt to explain tree level (classical)
gravitational contribution as due to matter one (one loop) appears to fail.
In the last twenty years many authors tried to give answers to these questions.
What is common to most part of them is the conviction that all these problems
are related and that a clear comprehension of black hole entropy origin would be
a great achievement in order to solve them. So we shall start considering the first
point of black hole entropy, S = A/4, statistical interpretation. Here I shall only
quote some major proposals:
1 Bekenstein[9] - The black hole entropy can be seen as a S = lnW where W
is the number of possible microscopical configurations of astrophysical body that
generate the same BH (relation to the “no hair” theorem).
2 York[10] - The dynamical degrees of freedom at the origin of black hole entropy
are identified with BH “quasi normal modes”.
3 Wald[11] - Black hole entropy is identified with the Noether charge, associated
to a diffeomorphism invariant theory, in presence of bifurcate Killing horizons
#2
.
#2 A Killing horizon is null hypersurface whose null generators are orbits of a Killing vector
field. In General Relativity it has been demonstrated that the event horizon of a stationary
black hole is always a Killing horizon. If the generators of the horizon are geodetically
complete to the past (and the surface gravity of the black hole is different from zero) then
it contains a 2-dimensional (in four dimensional space-times) space-like cross section B on
which the Killing vector is null. B is called “surface of bifurcation”, is a fixed point for
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4 Srednicki[12]- Bombelli, Koul, Lee, Sorkin[13] - Frolov, Novikov[ 14] - black
hole entropy is generated by dynamical degree of freedom, excited at a certain
time, associated to the matter in BH interior near the horizon through non-causal
correlation (EPR) with external matter. The ignorance of an observer outside
the black hole about the modes inside the horizon is associated with a so called
entanglement entropy which is identified with Bekenstein-Hawking one.
5 Hawking[15]- Black hole entropy has a topological origin. The topological struc-
ture of space-time determines the presence of gravitational entropy
The first two lines of research appear at the moment not successful due to their
appeal to a count over the entire life of black hole. This point has been stigmatized
by a recent Gedanken experiment by Frolov and Novikov[16]. In this work a
wormhole is used as a device to explore the backside of the horizon, the behaviour
found seems to show a deep relation between some sort of dynamical degrees of
freedom living behind the horizon and black hole entropy. The third proposal
(that of Noether charge) shows a deep link between rescaling properties of the
(gravitational plus matter) action and the presence of thermodynamical behaviour
in presence of bifurcate Killing horizons. Unfortunately, although very impressive,
it lacks in giving a properly statistical interpretation of black hole entropy. In this
sense it is more a way of recovering Bekenstein-Hawking results that casts a new
light on the nature of the problem than an interpretative frame. So in the rest of
this work we are going to study the last two proposals in order to understand what
the right answer to our questions might be.
the Killing flow and on it the Killing vector vanishes. B lies at the intersection of the two
hypersurfaces (past and future) forming the complete horizon. A bifurcate Killing horizon
is an horizon with a “surface of bifurcation” B.
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2. Entanglement Entropy
Let us consider a global Hilbert space H composed of two uncorrelated ones
H1, H2.
H = H1 ⊗H2
A general state on H can be described as a linear superposition of states on the
two Hilbert spaces
|ψ〉 =
∑
a,b
ψ(a, b)|a〉|b〉 (2.1)
One can define a global density matrix
ρ(a, a′, b, b′) = ψ(a, b)ψ∗(a′, b′)
The reduced density matrix for the subsystem a is given by
ρ(a, a′) =
∑
b,b′
ψ(a, b)ψ∗(a′, b′) (2.2)
Note that even if the general state (2.1) defined on the global Hilbert space is a pure
one, the form of the reduced density matrix (2.2) shows that the corresponding state
defined only in one subspace is a mixed one. This corresponds to an information
loss that can be properly described by defining an entropy associated to mixed
states which is null for pure ones, that is the so called von Neumann entropy
S(a) = −Tr(ρa ln ρa)
Let us consider now the same problem in black hole case.
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Let us consider a stationary black hole and define ρˆiniz the density matrix
describing, in Heisenberg representation, the initial state of quantum matter prop-
agating on its background. For an external observer the system consist of two
parts: black hole and radiation outside of it. By defining a spacelike hypersurface
we can consider quantum modes of radiation at a given time so that they can be
separated in external and internal to the black hole. The state for external radia-
tion is obtainable from ρˆiniz by tracing on all the state of matter inside the event
horizon and so inaccessible to the external observer
ρˆrad = Trinvρˆiniz
For a black hole alone this density matrix would describe its Hawking radiation at
infinity. We can also define the density matrix for the black hole state
ρBH = Trvisρˆiniz
where one now performs the trace on external degrees of freedom. From this matrix
is it possible to find the related von Neumann entropy
SBH = −Trinv(ρˆBH ln ρˆBH) (2.3)
This is exactly what is called “entanglement entropy”. It is important to note that
this definition is invariant in the sense that independent changes of definitions of
vacuum for “external” and “internal” states do not change the value of SBH . The
calculation of entanglement entropy can be resumed in few steps
- Introduction of null-like or space-like hypersurface (achronal “slice”) on which
perform matter quantization.
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- 2nd quantization of matter field on BH background.
- Definition of the global ground state.
- Trace of the global density matrix on internal or external states.
- Computation of entanglement entropy entropy as von Neumann entropy of re-
duced density matrix.
Calculations on entanglement entropy were performed by various authors in
a wide class of situations, in flat spaces as in curved ones [12], [13], [14]. In
spite of this we find two common points that appear as proper characteristics of
entanglement entropy.
1 Entanglement entropy is proportional to the “division” plane (for BH is the event
horizon).
2 Entanglement entropy is always divergent on division plane due to the presence
of modes of arbitrary high modes near the horizon. The divergence form is general
and independent on the kind of field.
While the first point is a strong hint towards the identification of entanglement
entropy with Bekenstein-Hawking one, the second is a deep problem casting some
shadows on the real understanding of the meaning of what the computation of
entanglement entropy is effectively probing about black hole physics.
The last years have seen different approaches for the divergence problem res-
olution. Roughly they can be summarized in two kind of proposals that of reg-
ularization (t’Hooft; Frolov, Novikov; Barvinsky, Frolov, Zelnikov) and that of
renormalization (Susskind, Uglum; Fursaev, Solodukhin).
The main idea of regularization [14] approach is to apply a physical cut-off to
entropy by justifying it through the quantum fluctuations (Zitterbewegung) of the
10
event horizon. This cut-off has been estimated by Frolov and Novikov [14] and it
is of the order of the Planck length. Remarkably the introduction of such a cut-off
gives a value of entanglement entropy of the same order of the Bekenstein-Hawking
one.
The second approach is instead based on elimination of divergences through a
renormalization of gravitational coupling constant [18] and of constants related to
second order curvature terms[19]. This way appears very interesting for its relation
to elementary particle physics but is penalized by its necessity of a renormalizable
theory of quantum gravity in order to give exact results.
We shall now consider the regularization approach in order to probe its con-
sistency. The first idea of regularization of entanglement entropy was implicitly
proposed by ‘t Hooft in 1985 [1] as applied to his “brick wall model”. In a certain
sense cut-off dependent models [14,17] are up to date versions of the former. One of
the problems ‘t Hooft proposed in his seminal work was the divergence of not only
entropy but also of quantum matter contribute to internal energy of the black hole,
which has to be regularized by using the same cut-off one has to introduce for en-
tropy. He found that, fixing the cut-off in order to obtain Sent = SBek−Haw = A/4,
one obtains U = 38M . So matter contribution to internal energy appeared to be
a very consistent fraction of the black hole mass M . As ‘t Hooft underlined, this
is a signal for a strong back-reaction effect, not a good aim for a model based on
semiclassical (negligible back-reaction) approximation.
We shall see that the same problem is present in Barvinsky, Frolov, Zelnikov (BFZ)
model [17] and that a surprising behaviour of heat-capacity is also found.
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3. Entanglement Entropy and BFZ Model
In BFZ work entropy is computed from global vacuum density matrix by trac-
ing over the degrees of freedom of matter outside the black hole. In so doing one
obtains a mixed state density matrix for matter inside the black hole.
BFZ define the global wave function of the black hole as
Ψ = exp(Γ/2)〈φ−| exp(−βHˆ/2)|φ+〉 (3.1)
and
ρˆ = |Ψ〉〈Ψ| (3.2)
as the related density matrix. Here |φ+〉 (|φ−〉) are the external (internal) states of
matter (a massless scalar field for simplicity) on the black hole fixed background.
Tracing over |φ+〉 gives the internal density matrix
ρint(φ
′
−
, φ−) = 〈φ
′
−
|ρˆ|φ−〉
=
∫
Dφ+Ψ
∗(φ′
−
, φ+)Ψ(φ−, φ+)
= exp(Γβ)〈φ
′
−
| exp(−βHˆ)|φ−〉.
(3.3)
Entanglement entropy associated to this reduced density matrix is
Sent = −Trint(ρint ln ρint)
Here Γβ is a normalization factor fixed in order to obtain trρ = 1, but it also
corresponds to the 1 loop effective action
Γβ = − ln
[∫
Dφ−〈φ−| exp(−βHˆ)|φ−〉
]
= −
1
2
ln det
[
δ(x− y)
2(cosh βω − 1)
] (3.4)
where ωˆ is the operator associated with the frequency of field modes.
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BFZ calculate the entanglement entropy (in WKB approximation) as the trace over
the internal modes of −ρint ln ρint, so their calculation is relative to the internal de-
grees of freedom. Instead, in the common definition of entanglement entropy, one
usually refers to the trace over the external degrees of freedom of −ρext ln ρext. In
the following, I shall assume
#3
that, given the symmetry existing in BFZ study be-
tween internal and external variables, the two definitions of entanglement entropy
coincide. Moreover it is possible to demonstrate [2] that all other thermodynamical
quantities, as internal energy and heat capacity, share the same property.
From the definitions one has
ρext = Tr−|Ψ〉〈Ψ| =
∫
Dφ−Ψ
∗(φ′+, φ−)Ψ(φ−, φ+) =
=
∫
Dφ−〈φ
′
+| exp
(
−
βHˆ
2
)
|φ−〉〈φ−| exp
(
−
βHˆ
2
)
|φ+〉 exp(Γext)
ρint = Tr+|Ψ〉〈Ψ| =
∫
Dφ+Ψ
∗(φ′
−
, φ+)Ψ(φ+, φ−) =
=
∫
Dφ+〈φ
′
−
| exp
(
−
βHˆ
2
)
|φ+〉〈φ+| exp
(
−
βHˆ
2
)
|φ−〉 exp(Γint)
(3.5)
For Γβ, from (3.4), one obtains (using where we used the property ln detA =
Tr lnA)
Γβ =
∫
dx
[
ln
(
2 sinh
βωˆ
2
)
δ(x− y)
]
y=x
(3.6)
Following BFZ, one can calculate the expression below by expanding all the func-
#3 For a demonstration of this assumption see [20].
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tions φ(x) in terms of eigenfunctions Rλ(x) of the operator ωˆ
φ(x) =
∑
λ
φλRλ(x)
ωˆ2Rλ(x) = ω
2
λRλ(x)
δ(x− y) =
∑
λ
g00g1/2Rλ(x)Rλ(y)
(3.7)
where
∑
λ denotes the sum over all quantum numbers, g
00 is the timelike compo-
nent of the metric tensor and g = det gµν = g
00 det gab (a,b,. . . = 1, 2, 3).
Hence
Γβ =
Rbox∫
2M
dr
r2
(r − 2M)
∞∫
0
∞∑
l=0
dω(2l + 1)R2λω(r)γ(βω) (3.8)
where
γ(βωλ) =
β
2
ωλ + ln(1− e
−βωλ) (3.9)
and where Rλω(r) are the radial eigenfunctions. We are interested in the behaviour
of Γβ near the horizon; using BFZ result
∞∑
l=0
(2l + 1)R2λω(r) ∼
4
π
ω2
M
r − 2M
(3.10)
one gets
Γβ ∼
4M
π
rbox∫
2M
dr
r3
(r − 2M)2
+∞∫
0
dωω2γ(βω) (3.11)
where rbox is the radius of the box in which we have to put the black hole to
regularize infrared divergences.
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To compute the second integral one has to subtract the zero–point term from (3.9).
Finally one finds the following leading term near the horizon
Γβ = βF (β) ∼ −
32π3M4
45
1
β3
1
h
(3.12)
where the cut–off is defined as h ≡ Inf(r − 2M).
From the free energy (3.12), it is possible to find the other thermodynamical quan-
tities (not only entropy but also internal energy U and heat capacity c) by using
the well known relations between free energy and these ones in canonical ensemble.
So one obtains
S ∼
128π3M4
45
1
β3
1
h
U ∼
32π3M4
15
1
β4
1
h
c ∼
128π3M4
15
1
β3
1
h
(3.13)
Rewriting the above formulas in terms of a proper distance cut–off
ǫ ∼ 2
√
rbhh⇔ h ∼
ǫ2
4rbh
(3.14)
we find for F, U, S and c at the Hawking temperature βH =
1
8piM
F (βh) ≃ −
M
720π
1
ǫ2
S(βh) ≃
2M2
45
1
ǫ2
U(βh) ≃
M
240π
1
ǫ2
c(βh) ≃
4M2
30ǫ2
(3.15)
The entropy in (3.15) is exactly the same than in BFZ.
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3.1. Interpretative Problems
At this point a brief clarification seems necessary about the interpretation one
would give to the quantities just found. The above divergences for the entropy
and the other thermodynamical quantities requires a renormalization scheme or
a brick-wall cut-off. The standard position consists in identifying the black hole
entropy with the leading divergent regularized term
Sbh ≡ Sradiation, leading. (3.16)
But what about the regularized terms for the other thermodynamical quantities?
The cut-off present in (3.15) is the same for all the thermodynamical quantities so
we have to fix the same value of ǫ for all of them. We shall see that the values
so obtained for F , U , c are very different from the classical black hole ones: this
means that a straightforward identification between e.g. Ebh and Eradiation, leading
doesn’t seem possible. The same kind of problem, even worse, exists for the specific
heat as we’ll see further on.
The identification of Bekenstein-Hawking entropy with the entanglement one gen-
erates a problem of interpretation of classical (tree level) entropy due to gravity in
the path-integral approach. The first aim of entanglement approach is to explain
all black hole entropy as dynamical matter entropy. The matter leading term is
not a new one-loop contribution to be added to the tree level one. So it appears
as a necessary complement of this program to give a clear explanation for ignoring
the presence of the tree level contribution of gravity. As a matter of fact, in liter-
ature this problem appears to be often ignored or gone around. We can quote in
this sense only a work by Jacobson [21]. Here I’d like to put in evidence that this
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crucial point is the same as the third question we encountered in section 1. The
explanation one can give for ignoring tree level in entanglement entropy approach
require an answer to the problem of relation between classical and quantum aspects
in black hole thermodynamics.
Following the most part of papers on the same problem [17,18,1,22,23,24,25,26]
we can try to check if the identification of Bekenstein-Hawking entropy with the
entanglement one gives self-consistent results at the level of the other thermody-
namical quantities. My discussion is here limited to the brick-wall regularization
of the divergences [17,1,26].
3.2. Free Energy, Internal Energy and Heat Capacity
The cut-off fixing necessary to obtain the required value
Sent = SBek−Haw = A/4 is
ǫ2 =
1
90π
(3.17)
this brings to the following values for free energy and internal energy
F = −
1
8
M
U =
3
8
M.
(3.18)
The results in (3.18) are the same obtained by t’Hooft in his pioneering paper [1]
and exactly the same are found [2] if one calculates U and F with heat kernel
expansion truncated to the first De Witt coefficient in the optical metric [27]. So,
for the internal energy, the identification of the brick-wall value with the tree level
one (M the mass of the black hole) seems impossible; on the other hand, it does
not seem possible to understand the radiation term as a perturbative contribution
to the black hole tree level one. It happens in fact that the quantum contribution
is of the same order of the classical one. Moreover there would exist a further
problem with the special form of the internal energy radiation contribution, the
horizon contribution being not of the form expected for a massless gas.
I shall now check the behaviour of black hole heat capacity in brick wall model.
For heat capacity, imposing again the cut-off value (3.17), one obtains from (3.15)
#4
c = +12πM2 (3.19)
It is important to note that this is a positive value and bigger in module than the
classical well-known result
cclass = −8πM
2 (3.20)
So, if we accept the brick-wall model plus entanglement entropy frame as dynamical
explanation of black hole entropy, we find, in the most naive interpretation of (3.19),
that black holes are stabilized by one loop contribution of matter.
4. Possible explanations and proposal
The results we have just found sound like a “warning bell” for proposal of
entanglement entropy. The conclusions one can draw from them might be rather
radical. In fact if we accept the results (3.19) for black hole heat capacity they
seem to imply a “stabilization” of the black hole by quantum matter
#5
. Another
possibility is that back reaction is never negligible in study of quantum effect on
black hole backgrounds.
#4 Also in this case, it is possible to obtain the same value from ‘t Hooft results [1] with a
simple computation.
#5 It is well known that a negative heat capacity (like the black hole classical one) is charac-
teristic of thermodynamical instable system
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The hypothesis that it is wrong to impose entanglement entropy equal to the
Bekenstein-Hawking one appears more realistic. These considerations bring to
consider more deeply the fifth proposal for black hole entropy explanation we en-
countered in section 1. In this interpretative frame Bekenstein-Hawking entropy is
seen as related to topology structure of black hole manifolds.
Recent works by Hawking, Horowitz and Ross [28,29] have demonstrated that
the usual Bekenstein-Hawking law for black hole entropy fails in the case of ex-
treme black holes. For these kinds of object we have a null entropy in spite of a
non null area of the event horizon. These authors observed that this change in
extreme case in respect of non-extreme one is mainly due to the different nature of
event horizon in the former. One in fact finds that, in these cases, the presence of
the event horizon is not associated with a non-trivial topology of space-time. Euler
characteristic is in fact zero (not two) for this kind of black holes. This radical
difference in extreme black hole physics seems a strong hints towards a point of
view that particular case of black hole solutions (for example extreme Reissner-
No¨rdstrom black hole is “just” the case Q2 = M2 of the general solution) is to
be considered a rather different object from the non-extreme one. Nevertheless it
is possible to understand extreme case as a particular case of black hole without
requiring a limitation of black hole thermodynamics laws. The guiding idea (orig-
inally proposed by Gibbons and Hawking [30]) is that thermodynamical features
of space-times like the Schwarzschild one are explainable as an effect due to their
non-trivial topological structure and above all to the nature of their boundaries.
In particular Euler characteristic and entropy have the same dependence on the
boundaries of the manifold and we will relate them in a general formula. This
relation (although demonstrated only for a certain class of metrics) would be valid
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for every compact manifold on which Gauss-Bonnet theorem can be extended.
5. Euler characteristic and manifold structure
The Gauss-Bonnet theorem proves that it is possible to obtain the Euler char-
acteristic of a 4-dimensional compact Riemannian manifold M without boundaries
by the volume integral of the 4-dimensional metric curvature
SGB =
1
32π2
∫
M
ǫabcdR
ab ∧ Rcd
with R bound to the spin-connections ω of the manifold by the relations
Rab = dω
a
b + ω
a
c ∧ ω
c
b
Chern [31,32] showed that the differential n-form Ω of Gauss-Bonnet integral
Ω =
(−1)p
22pπpp!
ǫa1...apR
a1a2 ∧ . . . ∧Ra2p+1a2p
defined on Mn can be defined on a manifold M2n−1 which is the image of Mn
through the flux of its unitary vector field. Then he was able to express Ω as the
exterior derivative of a differential n− 1-form in M2n−1
Ω = dΠ
He also demonstrated that the original Ω integral on Mn can be performed on a
submanifold V n of M2n−1 whose boundaries are the set of singular points of the
20
unitary vector field previously cited. By Stoke’s theorem we then obtain
SvolGB =
∫
Mn
Ω =
∫
V n
Ω =
∫
∂V n
Π
For manifold with boundaries this formula can be generalized [33]
SGB = S
vol
GB + S
bou
GB =
∫
Mn
Ω−
∫
∂Mn
Π =
∫
∂V n
Π−
∫
∂Mn
Π (5.1)
This expression implies that the Euler characteristic of a manifoldMn with bound-
aries becomes null in the case that its contours would be the same as that of the
submanifold V n of M2n−1.
We shall now use (5.1) for black hole manifold. We always work in Euclidean man-
ifolds after imaginary time compactification necessary in order to remove conical
singularities on the horizons.
For non-extreme black holes the boundaries of the manifold V are set by the
extreme values of the range of radius coordinate that are r = rh and r = r0 =∞.
The physical manifold M instead has just one boundary at infinity because, after
removal of conical singularity, the black hole horizon r = rh is not a border of
space-time. So
(5.1) =
∫
r0
Π−
∫
rh
Π−
∫
r0
Π = −
∫
rh
Π
It is possible to use this formula to calculate Euler number and for example in
Schwarzschild case one correctly obtains χeuler = 2 which is the expected value for
S2 × R2 topology.
For extreme black holes the boundaries of the manifold V are the same as
the one for the ordinary case r = rh and r = r0 = ∞. On the other hand the
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physical manifold M has now two boundaries at infinity represented by the usual
spatial infinity r = r0 = ∞ and by the horizon r = rh. In fact, in this case the
time-affine Killing vector has a set of fixed points only at infinity (it becomes null
only asymptotically at infinity, in this sense one says that the black hole horizon
for extreme black hole is at infinity). So
(5.1) =
∫
r0
Π−
∫
rh
Π−
∫
r0
Π +
∫
rh
Π = 0
This shows that for extreme black hole the Euler characteristic is always null.
6. Entropy for manifolds with boundaries
We will follow the definition of black hole entropy adopted by Kallosh, Ortin,
Peet [34].
Let us consider a thermodynamical system with conserved charges Ci and
relative potentials µi so that we work in grand ensemble.
Z = Tr e−(βH−µiCi)
Z = e−W
W = E − TS − µiCi
we obtain
S = β(E − µiCi) + lnZ
Gibbons-Hawking demonstrated that at the tree level
Z ∼ e−IE
IE =
1
16π
∫
M
(−R + Lmatter) +
1
8π
∫
∂M
[K]
Here IE is the “on-shell” Euclidean action.
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In calculating Z, and hence IE , it is important to correctly evaluate the boundaries
of our manifold M.
For no-extreme black hole we have just one boundary at infinity r0 → ∞ (after
the removal of conical singularity, the metric is regular on the horizon r = rh).
For extreme black hole we have a drastic change in boundaries structure. Metrics
do not present conical singularity so we cannot fix imaginary time value. The
horizon is at an infinite distance from the external observer and so it is like an
“internal” boundary of our space-time (we can say that the coordinate of this
internal boundary is rb).
In order to determine S we also have to compute β(E − µiCi).
From Gibbons-Hawking [8] we know that for two fixed hypersurfaces at τ = cost
(τ =imaginary time), τ1 e τ2, one has
〈τ1|τ2〉 = e
−(τ2−τ1)(E−µiCi) ≈ e−IE
In this case it is necessary to understand that the time-affine Killing vector ∂/∂τ
has two sets of fixed points, one at infinity and the other on the horizon. So
an hypersurface at τ = cost has two boundaries in corresponding to these sets,
independently of the position of horizon (which can be at infinity for extreme
black hole ).
So one obtains
#6
#6 Note that, for metrics under our consideration, Vbulk =Mbulk so the bulk part of the entropy
always cancels also for metrics which are not Ricci-flat (as de Sitter case). All the entropy
depends on boundary values of extrinsic curvature.
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S = β(E − µiCi) + lnZ =
= IE
∞
rh − IE
∞
rboun
=
1
8π

∫
∂V
[K]−
∫
∂M
[K]

 =
=
1
8π

∫
r0
[K]−
∫
rh
[K]−
∫
r0
[K] +
∫
rb
[K]


(6.1)
The deep similarity between (6.1) and (5.1)is self-evident.
In the case of extreme black hole, we don’t have an internal boundary for M
and so we don’t have rboun in (6.1). Hence
S =
1
8π

∫
∞
[K]−
∫
rh
[K]−
∫
∞
[K]

 = − 1
8π
∫
rh
[K] = A/4
On the contrary, in the case of extreme black hole the horizon is at infinity and
M has two boundaries in r =∞ and rb = rh
S =
1
8π

∫
∞
[K]−
∫
rh
[K]−
∫
∞
[K] +
∫
rh
[K]

 = 0
Some comments on derivation (6.1) are in order. It was in fact derived in a
grand ensemble but for extreme black hole there is no conical singularity so there
is no β fixing and consequently no intrinsic thermodynamics of the manifold. We
conjecture that the correct procedure we have to follow is exactly the inverse. The
last line of (6.1) is the general expression of entropy for manifold with boundaries.
The lack of intrinsic thermodynamics is deducible from (6.1) by consideration of
boundary structure. It is not possible to fix β because boundary changes in extreme
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case, not the contrary. Thus (6.1) is generalizable to a large class of Riemannian
manifolds with boundaries and the similarity in boundary dependence with Gauss-
Bonnet integral is a strong hint towards the evidence of a link between entropy
and topology for gravitational instantons.
7. General case: spherically symmetric metrics
In order to find a general relation linking Euler characteristic of the manifold
to the gravitational entropy, we consider, for simplicity, metrics of the form
ds2 = −e2U(r)dt2 + e2U(r)dr2 +R2(r)d2Ω (7.1)
On having
A = 4πR2(rh)
β = 4π((e2U )′r=rh)
−1
S =
βR
2
[(U ′R + 2R′)eU −
2R
r
]eU
∣∣∣∣
r=rh
χ =
β
2π
(2U ′e2U )(1− e2UR′2)
∣∣∣∣
r=rh
one finds
S = 2πχ(2U ′e2U )−1r=rh(1− e
2UR′2)−1r=rh
R
2
[(U ′R + 2R′)eU −
2R
r
]eU
∣∣∣∣
r=rh
=
= πχ[(e2U )′ − R′2e2U (e2U )′]−1r=rh[
βR
2
(e2U )′ + 2R′e2U −
β2R
rh
eU ]r=rh
being e2U
∣∣
r=rh
= 0.
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Finally one has
S = πχR(rh)
{[
(e2U )′
]
−1
}
r=rh
=
=
πχR2(rh)
2
=
χ(4πR2(rh))
8
=
χA
8
(7.2)
Such a relation points out the deep link between the gravitational entropy and the
topological structure of the manifold.
Note that this formula gives the correct result for the extreme black hole cases
(for which usual Bekenstein-Hawking formula fails) and that it also has a general
validity for all the metrics of the form (7.1)
#7
.
8. Conclusions and Perspectives
From this analysis, we deduce that the interpretation of black hole entropy as
entanglement entropy brings to problematic results for internal energy and heat
capacity. These are not identifiable with their background counterparts so these
have to be seen (differently from the entropy situation) as quantum correction to
the corresponding tree level gravitational terms.
The internal energy, as ‘t Hooft remarked [1], is of the same order of magnitude of
black hole mass: at this point one must question the applicability of the assump-
tion of the negligible back-reaction. Even if we pass over this problem, we still find
that the one loop contribute of matter to black hole heat capacity is positive and
so it would stabilize the black hole . But we believe it is an inconsistent result
because quantum correction is, for the heat capacity, bigger than its background
#7 The extension of (7.2) to metrics of more general form is at the moment under investigation
[35].
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counterpart; it could be more plausible if we would have quadratic terms in curva-
ture tensor in the gravitational action, but this is not our case. Our results can be
interpreted either as a proof of the inconsistency of the identification of entangle-
ment entropy and Bekenstein-Hawking one, or as a structural “bug” embedded in
the brick- wall problem approach to black hole thermodynamics if one ignores the
back-reaction of matter field on the gravitational back-ground.
On the other side relation (7.2) appears to hold in a wide class of manifolds. It
seems that this formulation of black hole entropy sheds new light on the behaviour
of the extreme black holes by interpreting the gravitational entropy as a topological
effect (in this sense it confirms Hawking’s position).
Unfortunately it appears rather difficult to find a dynamical explanation of this
(topological) entropy. We conjecture that this relation of the gravitational entropy
with boundary structure of the space-time is in a certain sense a hint towards an
interpretation based on dynamical degrees of freedom associated to the vacuum
states in non-trivial topologies.
In particular one may propose a deep relation between deformation due to topo-
logical changes in zero-point modes of quantum fields and thermal effect on black
holes space-times [36].
Moreover this approach seems to require, as a consistency condition, a point
of view towards gravitational action which gives a possible answer to the problem
we exposed previously about explanation of presence of black hole laws already
in General Relativity. In fact it would force, in some sense, an interpretation of
gravitational action as an effective one someway induced by a more fundamental
quantum matter level
#8
. In this sense it would be meaningless to speak about
#8 Perhaps in a way similar to Sakharov “induced gravity” program [37]
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“pure gravitational” action and paradoxes encountered in identification of tree
level contribution with 1 loop one might be solved. Moreover this appears consis-
tent with the recent Jacobson hypothesis [38] about the interpretation of General
Relativity as the thermodynamical limit of a more fundamental theory.
As a matter of fact investigation about thermal nature of horizon characterized
space-times appears as a crucial step toward a deeper comprehension of the essence
of gravitation.
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